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Abstract

Weintroduceasimplegametheoreticapproachto satisfi-
ability checkingof temporal logic, for LTL andCTL,which
has the samecomplexity as usingautomata. The mecha-
nismsinvolvedare both explicit and transparent, and un-
derpina novelapproach to developingcompleteaxiomsys-
temsfor temporal logic. Theaxiomsystemsare naturally
factoredinto whathappenslocally andwhathappensin the
limit. The completenessproofs utilise the gametheoretic
constructionfor satisfiability: if a finite setof formulasis
consistentthen there is a winning strategy (and therefore
constructionof an explicit modelis avoided).

1 Intr oduction

Theautomatatheoreticapproachto satisfiabilitycheck-
ing for temporallogic is verypopularandsuccessful[6, 17].
However thereis a costwith the involvementof automata
mechanismsandin particularthe book keepingimplicit in
theproductconstruction,whena local automatonis paired
with aneventualityautomaton.While this is not animped-
iment for checkingsatisfiability it appearsto be for other
formal taskssuchas showing that an axiomatisationof a
temporallogic is complete. Whenproving completeness,
oneneedsto establishthatafinite consistentsetof formulas
is satisfiable.It is not known, in general,how to plug into
suchaproofautomatatheoreticconstructions(suchasprod-
uct anddeterminisation)for satisfiability. Insteadstandard
completenessproofseitherappealto “canonical”structures
built from maximalconsistentsets[15, 8] or tableauxwhich
explicitly build modelsfrom consistentsets,as illustrated
by the delicateproofsof completenessfor CTL � [14] and
modal� -calculus[18], andeventheproofsof completeness
for LTL [7, 13] (futurelineartimelogic) andCTL [5] (com-
putationtreelogic).

In this paperwe introducea simplegametheoreticap-
proachto satisfiabilitycheckingof temporallogic, for LTL
and CTL, which has the samecomplexity as using au-

tomata. The mechanisminvolved, the useof a “focus”,
is both explicit andtransparent,andunderpinsa novel ap-
proachto developingcompleteaxiomsystemsfor temporal
logic. The axiom systemsarenaturallyfactoredinto what
happenslocally andwhat happensin the limit. The com-
pletenessproofsusethegametheoreticconstructionfor sat-
isfiability: if a finite setof formulasis consistentthenthere
is a winning strategy (andthereforeconstructionof an ex-
plicit modelis avoided).

Although the origin of thesegamesis model checking
CTL � [12], it remainsto be seenif the gametechnique
extendsto satisfiability checkingof CTL � and modal � -
calculus.Moreover, it remainsto beseenif thetechniqueis
practicallyviablefor testingsatisfiabilityof LTL andCTL.

2 LTL

We presentLTL [7] in positive form, whereonly atomic
formulasarenegated.Let �����
	 beafamily of atomicpropo-
sitionsclosedundernegation,where����
���
 , andcontain-
ing theconstants��� (true)and ��� (false).Formulasof LTL
arebuilt from ������	 usingbooleanconnectives � and � , the
unarytemporaloperator� (next) andthe binary temporal
connectives � (until) andits dual � (release).

We assumea usual� -modelfor formulas,consistingof
aninfinite sequenceof stateswhich aremaximalconsistent
setsof atomicformulas.A state� thereforeobeys thecon-
dition that for any 
 �!�����
	 , 
 �"� if f ��
$#�%� , and �&�'�%�
and �&�"#�(� . Thesemanticsinductively defineswhenan � -
sequenceof states) satisfiesa formula * , written )(+ �,* .
In thecaseof 
-�.�����
	 , )/+ �0
 if f 
 is in theinitial stateof
) . Theclausesfor thebooleanconnectivesareasusual. If
)$���21��43657585 and9;:%< then )�=>��� = � =@? 3658575 is the 9 th suffix
of ) . Theremainingclausesareasfollows.

)A+ �B�C* DFE ) 3 + �0*
)A+ �0*;�HG DFE IJ9K:%<�5�) = + �LGNM
O�PQSRUT <UV R W 9X5�)�YZ+ �0*
)A+ �0*;�[G DFE Q 9K:%<�5�) = + �LGN\
]

I RUT <UV R W 9X5�) Y + �0*



We assumethat ^-G (eventually G ) abbreviates�&�_�HG and
its dual `-G (always G ) abbreviates�&�_�[G . Themeanings
of � and � aredeterminedby their fixedpoint definitions,
*;�HG is the leastsolutionto a!�bGc�edf*(�g�%a�h whereas
*;�[G is thelargestsolutionof ae�0G"�idf*e�-�%a�h .

A formula * is satisfiableif there is a model ) such
that )j+ �k* . In the naive tableauapproachto deciding
satisfiability, one constructsan “or” decision tree. The
root is a finite set of initial formulas, and the decision
questionis whethertheir conjunctionis satisfiable. Child
nodesare producedby local rules on formulas. A nodelem'n *N�/Gpo haschild

lem'n *;qrGpo . A node
lem'n *N�/Gpo

hastwo children
lHm[n *Ko and

lsm[n Gpo . Formulas*;�HG and
*;�[G arereplacedby their fixedpointunfolding, G"�tdu*/�
�Cdf*;�HG[huh and G.�idf*v�-�Cdu*;�[G[huh . After repeatedappli-
cationsof theserules,a nodewithout childrenhastheformn 
r3wq8585758q7
yxzq{�c*|3wq857585Xq}�C*�~�o , whereeach 
 = ��������	 . If
the set ��� n 
J3wq7585857q8
2x6o is unsatisfiablethen the node
is an unsuccessfulleaf. If � is satisfiableand � ��<
thenthe nodeis a successfulleaf. Otherwisea new childn *|32q7585857qr*�~Ho is produced,which amountsto moving to a
new state.

Nodeswith until or releaseformulas may continually
producechildren,andthereforeonealsoneedsanothercri-
terionfor whena nodecountsasa leaf. An obviouscandi-
dateis whena nodeis a repetition,containsthe samefor-
mulasasan earliernode(and in betweenthereis at least
oneapplicationof thenew staterule). Whetheror not such
a leaf is successfulwill dependonwhetherformulasarethe
resultof the fixed point unfolding of a releaseor an until
formula. A repeatof *;��G shouldbesuccessfulwhereasa
repeatof *;�HG is unsuccessful.

Considerthefollowing exampledecisiontree,whereset
bracesaredropped(and �&� and �&� aredispensedwith and
sotheunfoldingof ^-G is GC� �%^-G andtheunfoldingof
`-G is G"�-�%`-G ).

^[
�q{�%`[^[


;�-�%^[
�q}�%`[^[



�q}�%`[^[

Next`[^[


^[
K�-�%`[^[

^[
�q{�%`[^[


�%^[
�q{�.`[^[

Next^[
�q8`[^[


^[
�q8^[
K���.`[^[

^[
�q}�%`[^[


Next labelsa transitionto a new state.Both leavesin this
treearerepetitionsof theroot. However theleft leaf should
count as successfulbecausethe formula ^[
 at the initial
nodeis “fulfilled” in the left branch,giving the model �X�1
where 
N���21 . In contrast ^[
 is not fulfilled in the right
branchandis thereby“regenerated”,andthereforetheright
leaf shouldcountasunsuccesful.

The problemof which fixed pointsareregenerateddis-
appearsin the automatatheoreticapproachto satisfiability
[17]. Roughlyspeaking,thedecisiontreeis thenonly part
of thestory. It is capturedby the“local” automatonandone
alsoneedsto factor in the “eventuality” automatonwhich
automaticallydealswith regenerationof fixed points,and
thereforethe problemdoesnot arise. However the cost is
the use of the product constructionbetweenthe two au-
tomata.While this is not animpedimentfor checkingsatis-
fiability it appearsto befor otherformaltaskssuchasshow-
ing thatanaxiomatisationof a temporallogic is complete.

We now show thata simplegametheoreticapproachto
satisfiabilitychecking,wherethemechanismsarebothex-
plicit andtransparent,hasthevirtuethatit alsoleadsto very
simpleproofsof completenessfor bothLTL andCTL.

3 Gamesfor LTL

In the naive tableauapproachto satisfiability thereare
“or” choicesbut thereareno “and” choices.Recastingasa
game,“or” choicesare I -choicesfor theplayer I and“and”
choicesare

Q
-choicesfor theplayer

Q
. Therole of player I

is thatof verifier, “I wantto show that theinitial setof for-
mulasis satisfiable”whereastherole of

Q
is thatof refuter,

“I want to show that the initial setof formulasis unsatisfi-
able”. In aposition

l qr* 3 �Z*�� player I choosesthedisjunct
* = , andplay continuesfrom theposition

l qJ* = . Theideais
that I (

Q
) hasawinning strategy if f theinitial setof formu-

lasis satisfiable(unsatisfiable).
We needto forceplayer

Q
to makechoices.A new com-

ponent,the“focus”, is introducedinto a setof formulasfor
this purpose.Oneof theformulasin a positionis in focus.
We write ��*���q l to representtheposition

lNm/n *Ko when *
is in focus. Player

Q
chooseswhich formula is in focus. If

it is an“and” formula then
Q

chooseswhich subformulato
keepin focus. During a play

Q
mayalsochangemind, and

movethefocusto adifferentformula.
Givena startingformula *�1 (theconjunctionof the ini-

tial formulas)we will defineits focus game �Kdf* 1 h . The
setof subformulasof * 1 , Subdf* 1 h , is definedasexpected
but with the requirementthat the unfolding of an until
GC�edu*B�s�Cdu*;�HG[hfh is a subformulaof *;�HG andtheun-
folding of a releaseGN�Adf*i���cdf*;��G[hfh is asubformulaof
*;��G . A positionin a play of �Kdu* 1 h is an element��*���q l
where *���������df* 1 h and

l�� ������du* 1 h�� n *Ko . A play
of the game�Kdu* 1 h is a sequenceof positions � 1 � 3 585857� x
where �z1 is the initial position ��*�17� , andthechangein po-
sition � = to � =�? 3 is determinedby oneof themovesof Fig-
ure1. They aredividedinto threegroups.Firstarerulesfor
I whochoosesdisjunctsin andoutof focus.Secondarethe
movesfor player

Q
who chooseswhichconjunctremainsin

focusandwho alsocanchangefocuswith therule change.
Finally, therearetheremainingmoveswhichdonot involve



Player I
�F* 1 �$* 3 ��q l
��* = ��q

l �F*���qJ* 1 �i* 3 q l
�F*���qJ* = q

l
Player

Q
�F*�1��i*|3{��q l
�F* = ��qr* 3y� = q

l ��*���qrG�q l
��G;��qr*;q l"�w��M
O����

Other moves

��*;�HG;��q l
�FG"�idu*e���Cdu*;�HG[hfh���q l

�F*� ���qr*;�sG�q l
��*   ��qrG%�$du*v���cdf*;�HG[huh{q l

�F*;�[G;��q l
��G%�idf*v�[�cdf*;��G[hfh���q l

�F*� ���qr*;��G�q l
��*   ��qrG%�$du*v���cdf*;��G[hfh}q l

�F*���qJ* 1 �$* 3 q l
��*���qr* 1 qr* 3 q l

� �c* 3 ��q7585758q{�c* ~ q8
 3 q7585857q8
 x
��* 3 ��q7585857qr* ~ O��8¡&¢

Figure 1. Game moves

any choices,andsoneitherplayeris responsiblefor them.
Theseincludethefixedpoint unfoldingof until andrelease
in andout of focus,the removal of � out of focusandthe
next staterule, next, wherethefocusremainswith thesub-
formulaof thenext formulain focus.It is thereforeincum-
benton

Q
to make surethatan � formula is in focuswhen

next is applied.
The next ingredientin the definition of the gameis the

winning conditionsfor a player, when a play countsasa
win.

Definition 1 Player
Q

wins theplay � 1 q7585858q8� x if

1. � x is ��
w��q l and( 
 is �&� or ��
�� l ) or

2. �6x is �F*;�HG;��q l and for some9 W�£ the position � =
is �F*;�HG;��q l and between� = 575858�¤x player

Q
hasnot

appliedtherule change.

Therefore
Q

wins if thereis a simplecontradictionor a re-
peatpositionwith the sameuntil formula in focusandno
applicationof changebetweentherepeats.

Definition 2 Player I wins theplay � 1 q7585858q8� x if

1. �6x is ��
J3{��q8575858q7
yx and
n 
r3wq8585758q7
yx6o is satisfiableor

2. � x is ��*;��G;��q l andfor some9 W!£ theposition � = is
��*;��G;��q l or

3. �6x is �F*���q l and for some 9 W¥£ the position � = is
��*���q l andbetween� = 58575X� x player

Q
hasappliedthe

rulechange.

So I wins if player
Q

is unableto focus on a � formula
so that next canbe appliedwhen the atomic formulasare
satisfiable.Theothertwo conditionscoverrepeatpositions.
First is the caseif the repeatpositionhasthe samerelease
formula in focus,andsecondis the caseof a repeatwhen
the sameformula is in focusandchangehasbeenapplied
betweenthe repeatpositions. The following upperbound
on thelengthof a play is obvious.

Fact 1 Every play of �Kdf* 1 h has finite length less than
+ ������df* 1 h}+6¦g§6¨ ©8ª7«�¬ ­_®u¯u¨ .

A playerwinsthegame�Kdf* 1 h if theplayeris ableto win
everyplay of thegame,thatis hasawinningstrategy1. The
following is asimpleconsequenceof Fact1 andthefactthat
thewinningconditionsaremutuallyexclusive.

Fact 2 Everygame�Kdu*�1&h hasa uniquewinner.

Next wecometo thegamecharacterisationof satisfiabil-
ity, whichwe split into two halves.

Proposition1 If I winsthegame�Kdf* 1 h then * 1 is satisfi-
able.

Proof: Assume I wins the game �Kdf* 1 h . Considerthe
play where

Q
usesthe following optimal strategy. Let

* 3 �HG 3 575858qJ* x �HG x be a priority list of all until subfor-
mulas of * 1 , in decreasingorder of size. We say that
*;�HG is presentin a position � if either *;�HG°�±� or
G²�%du*c�A�Cdu*;�HG[hfhA�³� or �cdf*;�HG[ht��� . Player

Q
startswith the focus on *�1 . If the formula in focus is a
releaseformula *;��G and G containsan until subformula
then

Q
choosesG whenthereleaseformula is unfolded. If

theformulais aconjunctionthen
Q

choosesaconjunctwith
anuntil subformula.If the focusremainson a releasefor-
mulaor endsuponamemberof ������	 then

Q
changesfocus,

if thisis possible,to theuntil formulawhichis presentin the
positionandwhich is earliestin thepriority list. If thefocus
is on an until formula * = �HG = then

Q
keepsthe focuson it

until it is “fulfilled”, thatis until player I choosesG = when
it is unfolded.This until formula is thenmovedto theend
of thepriority list. Player

Q
thenchangesfocusto theear-

liest until formulain thepriority list which is presentin the
position,if this is possible.This argumentis thenrepeated.
By assumptionplayer I wins againstthis strategy, andthe
play hasfinite length. It is now straightforward to extract
aneventuallycyclic modelfrom theplay, whereeveryuntil
formulapresentin somepositionwill befulfilled. ´

Next we provetheconverseof Proposition1. Oneproof
is to show how a winning strategy for I canbe extracted

1Formally a winning strategy, seefor example[9], for player µ is a set
of rules¶ of theform, if theplaysofaris ·6¸z¹}¹u¹º·6» and·6» is ¼¾½6¸r¿z½�ÀÂÁ�ÃFÄ
( ¼¾½&Á�Ã}½ ¸ ¿-½ À ÃºÄ ) thenchoose¼¾½6Å@Á�ÃFÄ ( ¼¾½&Á�Ã{½¤Å�ÃºÄ ). Similarly for playerÆ

. A play obeys ¶ if all themovesplayedby theplayerobey therulesin¶ . A strategy ¶ is winning for aplayerif shewinseveryplay in whichshe
uses¶ .



from a model of * 1 . However we provide an alternative
proof which is thekey to obtaininga completeaxiom sys-
tem.Weutiliseanobservationfrom fixedpoint logicsabout
leastfixedpoints. GivenPark’s fixedpoint inductionprin-
ciple dfÇ�h below andthatafixedpoint is equivalentto its un-
folding d�§zh , Lemma1 below holds(asobservedby a num-
berof researchers,for instance[10, 15, 19]). Standardsub-
stitutionis assumed,G n *;È_É�o is thereplacementof all free
occurrencesof É in G with * . Moreoverwe write + ��* to
mean* is valid (trueeverywherein all models).

dfÇ
h D�Ê(+ �0G n *;È�É�o[ËÌ*$¢f���7O³+ �N��É�5rG�ËÍ*
dÎ§6h + �B��É�5rG!ÏÌG n ��É�5rG�È�É[o

Lemma 1 If É is not freein * and *$����É�5rG is satisfiable
thentheformula *v�$G n dº��É�5r�>*/�iG[h{È_É-o is satisfiable.

Proof: Suppose *Ð�Ñ��É�5rG is satisfiable, but + �
G n dF��É�57�>*v�/G[h}È�É-o ËÒ�>* . Therefore+ �ÓG n dF��É�57�>*N�
G[h{È�É�o²Ë �>*0�CG n dº��É�5r�>*��cG[h{È_É�o . Henceby dÎ§6h
+ �ÍG n dF��É�57�>*!�"G[h{È_É-o%ËÔ��É�5r�>*c�"G andso by dfÇ
h
+ �"��É�5rG²Ë��>* which contradictsthat *N�H��É�5rG is satis-
fiable. ´

Lemma1 sanctionsthe following propertyof until un-
folding.

Lemma 2 If *   �Hdu*;�HG[h is satisfiablethen *   �HdfG/�Hdu*U��Cdfdu*/�$�>*� {h{�HduG%�A�>*� }hfhuhfh is satisfiable.

Proof: Assume *� ��(df*;�HG[h is satisfiable. So thereis a
model ) suchthat )!+ ��*   and )!+ �j*;�HG , andtherefore
) = + ��G and )�YU+ ��* for

RBT <NV ReW 9 , for some9s:Ó< .
Also assume*� ��-duGi�-df*U�;�Cdfdu*g���>*� Õh{�HduGi���>*� {hfhfhuh is
not satisfiable,andsothefollowing validity holds + �²*� �Ë
d}�>GU��d}�>*-���Cdud}�>*���*� }h{��d}�>GÖ�Z*� }hfhuhfh . Because)A+ �0*� 
therefore).+ �³�>G��vdf�>*"�g�Cdfdf�>*"�v*� }h{��d}�>G��e*� }hfhuh .
So )�+ �j�>G andbecause)�+ �±*;�HG it follows that )L+ �
* . And so )v+ �C�Cdfdf�>*B�'*� Õh}��d}�>Gc�'*� }hfh , andtherefore
) 3 + �×df�>*B�'*   h{��d}�>GC�'*   h . And so ) 3 + �×�>G.�/*   and
) 3 + �L�>*p�Ø*� 2���Cdfdf�>*p�Ø*� {h}��d}�>G �Ø*� {hfh . If ) 3 + �0*�  then
) 3 + �¥�>G by the valid formula above, andso ) 3 + �±�>G
andbecause) 3 + �¥*;�HG it follows that ) 3 + �Ù* , andso
) 3 + �Ñ�Cdfdf�>*C�N*� {h{��df�>GL�(*� {hfh . The argumentis now
repeatedfor subsequent)�Y , R :,< , which contradictsthat
)A+ �0*;�HG . ´
Proposition 2 If *�1 is satisfiablethenplayer I wins the
game�Kdf*�1Sh .
Proof: Assumethat *�1 is satisfiable. We show that
player I wins the game �Kdf*�1Sh . The idea is that I al-
ways choosesa move which preserves satisfiability (andQ

has to choosemoves which preserve satisfiability). Ifl �Ndu* 1 �B* 3 h is satisfiablethen
l �B* = is satisfiablefor

at least one 9�� n <�qJÇ4o , and so player I choosessuch

an 9 . If the position is ��*;�sG;��q l where the until for-
mula is in focus then player I adornsthe interpretation
of it when it is unfolded, ��GÓ�.du*��i�Cdf*�ÚSÛ¤�HG;ÚSÛÜhuhÎ��q l
where *�ÚSÛ and G;ÚSÛ are to be understoodas *!�%� l
and GÑ�L� l

. This adornment,which is justified by
Lemma2, is repeatedaslong astheuntil formula is in fo-
cus. Whenever

Q
changesmind, an adorneduntil subfor-

mula * ÚSÛzÝ�Þ�ß¾ß¾ß ÞSÚSÛ�à �sG ÚSÛzÝFÞ�ß¾ß¾ß ÞSÚSÛ�à losesits adornmentand
is returnedto its intendedinterpretation*;�HG . Now it is
easyto seethat

Q
cannever win. Condition1 of the win-

ningconditionfor
Q

cannotbereachedbecauseI preserves
satisfiability. And condition2, the repeatposition,cannot
occurbecause+ ��* ÚSÛzÝºÞ�ß¾ß¾ß ÞSÚSÛ�à �HG ÚSÛzÝÎÞ�ß¾ß¾ß ÞSÚSÛ�à ËÒ� l

= .´
Proposition 3 The complexity of decidingthe winner of
�Kdf*�1Sh is in PSPACE.

Proof: Considerthe treeof all playsin �Kdf*�1Sh wherethe
positionof thefocusis completelydeterminedby thestrat-
egy describedin the proof of Proposition1, above. Player
I wins �Kdf* 1 h if f thereexistsa pathin this treesuchthat I
winstheplayof thispath.An algorithmPcannondetermin-
istically choosethispath.Therequiredspaceis polynomial
in the sizeof the input. P only hasto storea counterand
two configurations:the actualonewhich getsoverwritten
every timeanew gamerule is applied,andtheonewhich is
repeatedin caseI wins theplaywith herwinningcondition
2 or 3. The latter canbe chosennondeterministically, too,
andgetsdeletedevery time therule changeis applied.The
counteris neededto terminatethealgorithmif it did notfind
arepeatafter + ������df*�1Sh}+4á�§6¨ ©8ª7«�¬ ­ ® ¯u¨ configurations.Notice
that thesizeof thecounteralsois polynomialin thelength
of theinput +º* 1 + . Henceby Savitch’sTheoremtheproblem
canbesolvedin PSPACE. ´
4 A completeaxiomatisation for LTL

The gametheoreticcharacterisationof satisfiabilityof-
fers a simple basisfor extracting a completeaxiom sys-
tem for LTL. Givenan axiom systemâ a formula * is â -
consistentif âÌ#ã �>* . The axiom systemâ is complete
provided that for any * if * is â -consistentthen * hasa
model.In this framework thisbecomes

(*) if * is â -consistentthen I wins thegame�Kdf*|h .
Theaxiomsystemâ for LTL is presentedin Figure2. The
axiomsandrulesweredevelopedwith the proof of d}á�h in
mind. Axioms1-6andtherulesMP andXGenprovide“lo-
cal” justificationsfor the rulesof the focusgamefor LTL,
andaxiom7 andtherule Rel captureI ’swinningstrategy.

Theorem1 Theaxiomsystemâ is soundandcompletefor
LTL.



Axioms

1. any tautologyinstance

2. *;�HG!ËÌG"�idf*v���Cdf*;�sG[hfh
3. *;��G!ËÍG%�idf*v�[�cdf*;��G[hfh
4. �.�>*(ÏÍ�_�C*
5. �C*'�-�CG�Ë��Cdu*/�iG[h
6. �Cdf*"ËÍG[h�Ë��C*%Ë��CG
7. �>df*;��G[h�Ïä�>*;�-�>G

Rules

MP if
ã * and

ã *"ËÌG then
ã G

XGen if
ã * then

ã �c*
Rel if

ã *� åËÍduG%�$df*v�-�Cdudf*e�$*� {h{��duG%�$*� }hfhuhfh
then

ã *� åËædf*;��G[h

Figure 2. The axiom system â

Proof: Soundnessof â is straightforward. Eachaxiom is
valid andeachrule preservesvalidity. The interestingcase
is the rule Rel, whosesoundnesswasproved in lemma2
of the previous section. For completenessof â we es-
tablish dfá
h , if * 1 is â -consistentthen I wins the game
�Kdf* 1 h . The proof is similar to Proposition2 of the pre-
vious section. Given a finite â -consistentsetof LTL for-
mulaswe show that any player

Q
move or other move in

Figure1 preservesâ -consistency, andthatplayer I canpre-
serve â -consistency when she moves. If

l qr*|3��!* � is
â -consistentthen

l qr* = is â -consistentfor some9 by ax-
iom 1, andtherule MP. Axioms 2 and3 areneededfor the
fixed point unfolding moves. Axioms 4-6 andrule XGen
are requiredfor the next move. If * 3 q8575858qJ* ~ is not â -
consistentthen â ã * 3 �(57585Ü�C* ~���3 Ë �>* ~ and so
â ã �C* 3 �B57585¤�$�c* ~���3 Ëç�_�c* ~ using XGen and
axioms è , é andonehalf of ê . Finally rule Rel is usedto
capture I ’s winning strategy. If the position is �F*;�HG;��q l
and

l qr*;�sG is â -consistentthenby rule Rel, theotherhalf
of axiom4 andaxiom7

l qrG%�idf*v�-�Cdf* ÚSÛ �HG ÚSÛ huh is â -
consistent. ´

In [7] soundnessandcompletenessof the following ax-
iom systemë|ì¤í for LTL is provedusingmaximalconsis-
tentsetsof formulas2.

2A4, A5 andU2 as presentedherediffer slightly from their original
form which is dueto thedifferentsemanticsof the î and ï operatorused
there.

A1. �&����du*"ËÍG[h�ËÌd��&�z�[*"Ë±�&�z�[G[h
A2. �Cdf�>*|h�Ïä�_�C*
A3. �Cdu*(ËÌG[h�ËÌdF�C*"Ë��CG[h
A4. �&����*%ËÍ*e���cd��&����*|h
A5. �&����du*/�-�C*|h�ËÍdu*"Ëð���_��*|h
U1. *;�HG�ËÐ^-G
U2. *;�HG�ÏÍG"�idu*e�-�Cdu*;�HG[hfh
R1. any tautologyinstance

R2. if
ã * and

ã *%ËÍG then
ã G

R3. if
ã G then

ã ���_��G
Soundnessof ë|ìÜí andcompletenessof â ensurethat,

if ë|ì¤í ã * then â ã * . However, it is alsointerestingto
comparethetwo axiomatisationsin details.

Axioms andrulesA2, A3, U2, R1 andR2 arepresentin
â . A4 is aninstanceof axioms3 andU1 simply reflectsan
abbreviation. R3canbesimulatedin â asfollows. Suppose
thereis a proof usingR3. Thenthereis a shorterproof of
G in ë|ì¤í for whichby hypothesisthereis an â -proof, too.
InstantiateRel with *� Ö�ñ�&� and *ð�ñ�&� . This provesã �&�z��G if

ã G!�U�v�&� is provable. But this canbe done
usingthehypothesis,axiom1 andrule XGen.

TheremainingaxiomsA1 andA5 aremorecomplicated
to provein â . A simplewayis to show that

Q
winsthefocus

gameon the negationsof theseaxioms. The gamerules
andwinningconditionsresembletheaxiomsandrulesof â
which areneededfor theproof. We show this for A5. The
negationof thisaxiomis *t� d��&�6��df*t�|�C*|huh&�sdÂ�&�¤�-�>*|h .
Let *� ��L*v�AdÂ���z��df*e�-�C*|hfh .

*;qu�&����du*/�-�C*|h}qr� ���_�-�>*��
*;q{�c*;q{�CdÂ������df*v�[�c*|hfh{qJ�@�>*v�-�CdÂ����Ú ­6ò �-�>*�Ú ­6ò �*;q{�C*;q}�Cd��&���[du*/�-�C*|huh{qJ� �CdÂ�&� Ú ­ ò �-�>* Ú ­ ò �*;qu�&�_�[du*/�-�C*|h}qr� �&��Ú ­ ò �-�>*�Ú ­ ò �

The gamerulesusedare the unfolding of � , the adorned
unfolding of � , the disjunctive choiceand the next rule.
Player

Q
wins with winning condition2. Thereforetheax-

ioms andrulesneededto prove A5 are1 andMP (for � ),
2 and3 (for the unfoldings),4 – 6, XGen (for next), 7 (to
reasonaboutthe negationof A5), andRel to describethe
winningcondition.



5 CTL

In thissectionwedefinefocusgamesfor CTL. Againwe
presentCTL in positive form. Formulasof CTL arebuilt
from ������	 , thebooleanconnectives � and � , thetwo unary
temporaloperatorsóK� and the four binary temporalop-
eratorsóHd}585758�N58575ºh , óHd{57585X�v58575ºh where óÙ� n4ô q8õZo . ô
is the “somepaths”quantifierand õ is the “for all paths”
quantifier.

A Kripke model for CTL formulasconsistsof a setof
statesö , a binary transitionrelation ÷ which is total (for
all �e��ö thereis a ø'��ö suchthat ��÷�ø ) anda valuation
which assignsto eachstate�-�Bö a maximalconsistentset
of atomic formulasin ������	 . The semanticsdefineswhen
a state � satisfiesa formula * , �(+ �ä* , and it appealsto
full pathsfrom a state � 1 which is an � -sequenceof states
� 1 � 3 58575 suchthat � = ÷6� =@? 3 for each9|:(< . In thecaseof 
��
������	 , �p+ ��
 if f 
 belongsto thevaluationof � . Theclauses
for the booleanconnectivesare as usual. The remaining
clausesareasfollows.

�Z+ � ô �C* D�E Irø85&��÷�øåM�O�P�ø|+ �0*
�Z+ ��õ��C* D�E Q ø85JDFÊù��÷�øå¢f���7O[øØ+ �L*
�21�+ � ô du*;�HG[hæD�E I�ÊÎ��úFú&û�M�¢u�Ö�21��43657585KIr9K:"<�5&� = + �0GM�O�P QSRUT <gV R W 9X5�� Y + �L*�21�+ ��õ�du*;�HG[hüD�E Q ÊÎ��úFú&û�M�¢u��ýK�y1
�43658575;Ir9K:"<_5
� = + �0GM�O�P QSRUT <gV R W 9X5�� Y + �L*� 1 + � ô du*;�[G[h°D�E I�ÊÎ��úFú&û�M�¢u�Ö� 1 � 3 57585 Q 9K:"<�5&� = + �0G\�]KI RUT <UV R W 9X5�� Y + �L*� 1 + ��õ�du*;�HG[hüD�E Q ÊÎ��úFú&û�M�¢u��ýK� 1 � 3 58575 Q 9K:"<_5
� = + �0G\�]KI RUT <UV R W 9X5�� Y + �L*

Thesemanticsof until andreleaseformulasaredetermined
by their fixedpoint definitions. óHdf*;�HG[h is the leastsolu-
tion to a���GL�vdu*"�vóK�.a�h and óHdu*;��G[h is the largest
solutionto aN��G%�$du*v�tó|�%a�h .

We now definethe focus game �� {df*�1Sh for a CTL for-
mula *�1 . As with the LTL game,a position in a play
of �   du*�1&h is an element ��*���q l where *ð�×������df*�1&h andlj� ������df* 1 h�� n *Ko , and a play is a sequenceof posi-
tions � 1 � 3 585758� x where � 1 is theinitial position �F* 1 � . The
changein position � = to � =@? 3 is determinedby oneof the
movesof Figure3. Againthey aredividedinto threegroups.
First are rules for I who choosesdisjunctsin and out of
focus. Secondare the moves for player

Q
who chooses

which conjunctremainsin focusandwho alsocanchange
focuswith the rule change.Player

Q
alsochoosesthenext

statewhenan õ�� formula is in focus,by choosinga sin-
gle
ô �CG Y , if thereis one:we includeherethecasewhereþ �³< and

Q
doesnot have any choice. Finally, thereare

theremainingmoveswhichdonot involveany choices,and
soneitherplayeris responsiblefor them.Theseincludethe
fixedpoint unfolding of until andreleasein andout of fo-
cus, the removal of � out of focusand the next staterule

Player I
�F* 1 �i* 3 ��q l
�F* = ��q

l �F*���qr* 1 �$* 3 q l
�F*���qr* = q

l
Player

Q
��*�1��i*|3}��q l
��* = ��qJ* 3u� = q

l �F*���qJG�q l
�FG;��qJ*;q l �w��M�O��
�

�@õ��c*|3{��q858575Xq8õ>�C*�xzq ô �CG[32q857585 ô �CG|ÿ�q8
J3wq8575857q8
y~
��* 3 ��q758575Xqr* x qJG Y O��7¡&¢

Other moves

�@óHdf*;�sG[hÎ��q l
��G%�idf*v�AóK�%óHdu*;�HG[hfh���q l

�F*� F��q8ósdf*;�HG[h}q l
��*   ��qrG(�idu*e�AóK�.óHdf*;�HG[huh{q l

�@óHdu*;�[G[h���q l
��G%�idf*v�AóK�%óHdu*;��G[hfhÎ��q l

�F*� º��q7óHdf*;��G[h{q l
��*   ��qrG%�Adu*v�tó|�%óHdf*;��G[huh{q l

��*���qr* 1 �A* 3 q l
�F*���qr*�1�qJ*|3wq l

� ô �CG 3 ��q8585758q ô �CG ÿ q8õ>�C* 3 q7585858q8õ��c* x q8
 3 q8575858q7
 ~
��G[3}��qJ*|36585758qJ*�x O��8¡&¢

Figure 3. CTL Game moves



whenan
ô � formula is in focus. Thewinning conditions

for a playerarealmostidenticalto theLTL game.

Definition 1 Player
Q

wins theplay � 1 q7585858q8� x if

1. � x is ��
w��q l and( 
 is �&� or ��
�� l ) or

2. �6x is �@óHdu*;�HG[hÎ��q l andfor some9 W,£ the position
� = is �@óHdu*;�HG[hÎ��q l andbetween� = 585857�6x player

Q
has

not appliedtherule change.

Definition 2 Player I wins theplay � 1 q7585858q8� x if

1. � x is ��
 3 ��q8575858q7
 x and
n 
 3 q8585758q7
 x o is satisfiableor

2. � x is ��ósdf*;��G[hÎ��q l andfor some9 W(£ theposition � =
is �@óHdf*;��G[hÎ��q l or

3. �6x is �F*���q l and for some 9 W¥£ the position � = is
��*���q l andbetween� = 58575X�6x player

Q
hasappliedthe

rulechange.

Facts1 and2 of Section3 alsohold for CTL games.A
mainresultis againthegamecharacterisationof satisfiabil-
ity.

Proposition1 I winsthegame�   du*�1�h iff *�1 is satisfiable.

Proof: Assume I wins the game �� }df* 1 h . The proof
is similar to that of Proposition 1 of Section 3, ex-
cept that all “next” state choicesare examined, and so
we have a tree of plays insteadof a single play. Let
ó 3 df*�  3 �HG;  3 h{q857585Xq7ó x df*� x �HG; x h beaninitial priority list of
all until subformulasof * 1 in orderof decreasingsize.Each
playin thetreeof playshasits own associatedcurrentprior-
ity list. Player

Q
startswith thefocuson *�1 . Oncethefocus

is on anuntil formula, ó = df*� = �HG; = h , player
Q

keepsthe fo-
cuson it until it is fulfilled (player I choosesG; = ) or there
is branching.At anapplicationof next a play splits into all
choices,eachwith its own priority list. If the focus is on
a formula õ��C* 3 then it will be on * 3 in all theseplays
andthey eachhave thesamepriority list. If thepositionis
� ô �cG 3 ��q7585758q ô �CG ÿ q8õ��c* 3 q8575858q7õ��C* x q7
 3 q858575Xq8
 ~ andþ
is thecurrentpriority list thenthefocusremainson G 3 in

theplaywith thissubformulawith list
þ
. Otherwisefor each

9��,Ç thereis theplay where
Q

changesfocusfor theposi-
tion G = qr* 3 q8575858qJ* x . If G 3 is

ô df*� Y �HG; Y h thenthis formula
is movedto the endof the priority list

þ
= and

Q
choosesas

focustheearliestuntil formula in
þ
= presentin thepositionô �CG = q7õ��C*|3Xq858575Xq8õ>�C*�x , if this is possible.This argu-

ment is repeated.By assumptionplayer I wins the finite
treeof plays. It is now straightforwardto readoff a Kripke
modelfrom this treeof playswhere *�1 is trueat theinitial
state.

For theconverseassumethat * 1 is satisfiable.We show
that I hasa winning strategy for thegame�� {df* 1 h . We use

thefactthatfor eachó�� n õ�q ô o if *� w�|óHdu*;�HG[h is satisfi-
ablethen *� r�pduGA�pdu*s�Zó|�%óHdf*s�p�>*� Â�sGt�p�>*� {hfhuh is sat-
isfiable. So the interpretationof óHdf*;�sG[h canbe adorned
whenever it is unfoldedin focus aswith Proposition2 of
Section3. ´

Oneimportantdifferencewith LTL is thecomplexity of
checkingthewinnerof a game�   du* 1 h , becauseof branch-
ing choicesfor

Q
.

Proposition 2 The complexity of decidingthe winner of
�� Õdu*�1&h is in EXPTIME.

Proof: Theproof is verysimilar to thatof Proposition3 of
Section3. However, the treeof all playsis now an and-or
treebecauseof player

Q
’s choicesusingrule next. There-

fore thepolynomialspacealgorithmdecidingthewinnerof
�� Õdu*�1&h is alternatinginsteadof nondeterministic.By [3]
theproblemis thereforein EXPTIME. ´
6 A completeaxiomatisation for CTL

The gametheoreticcharacterisationof CTL satisfiabil-
ity alsoallows oneto extracta soundandcompleteaxiom
systemfor CTL, thesystem� in Figure4.

Theorem1 Theaxiomsystem� is soundandcompletefor
CTL.

Proof: Soundnessof � is straightforward. The most in-
terestingcasesaresoundnessof ARel andERel rules,and
in the caseof ERel the rule captures“limit closure”. For
completenessof � , the proof is similar to Theorem1 of
Section4. If * 1 is � -consistentthen player I wins the
game �   du* 1 h . Given a finite � -consistentset of formu-
las, any move by player

Q
or othermove in Figure1 pre-

serves � -consistency. Theimportantcasesarethenext state
rules. Assume *|3wq7585858qr*�xzqrG Y is not � -consistent,andso
� ã *|3>�t57585��$*�xAËä�>G Y . Soby AXGenandaxioms� ,�
and è�� ã õ��C*|3ù�'57585��'õ>�C*�xNË � ô �CG Y (andusing�

insteadof è onedealswith thecasewhen
þ �.< ). Finally

the ARel and ERel rules are usedto capture I ’s winning
strategy. ´

In [5] soundnessandcompletenessof the following ax-
iom systemfor CTL is provedusingtableaux.

Ax1. any tautologyinstance

Ax2.
ô ^-*%Ï ô dÂ���z�H*|h

Ax3. õ�^-*%ÏÐõpd��&�z�H*|h
Ax4.

ô �Cdu*/�iG[h�Ï ô �C*/� ô �CG
Ax5. õ��c*(ÏÍ� ô �.�>*
Ax6.

ô du*;�HG[h�ÏÍG%�$du*/� ô � ô df*;�HG[huh



Axioms

1. any tautologyinstance

2.
ô df*;�sG[h�ËÍG"�idu*/� ô � ô df*;�HG[huh

3. õ�du*;�HG[h�ËÍG%�$du*/�Aõ>�%õ�du*;�HG[hfh
4.
ô df*;��G[h�ËÍG%�$df*v� ô � ô du*;�[G[huh

5. õ�du*;�[G[h�ËÌG"�idf*e�Aõ��%õpdf*;��G[hfh
6. õ��.�>*%Ïä� ô �c*
7. õ��.�>*%Ëä��õ>�C*
8. õ��C*e�tõ��CGLËÐõ��cdf*e�$G[h
9. õ��Cdu*"ËÌG[h�ËÐõ��C*"ËÐõ��cG

10. ��õ�du*;�[G[h�Ï ô d}�>*;�-�>G[h
11. � ô df*;��G[h�ÏÐõpd}�>*;�-�>G[h
Rules

MP if
ã * and

ã *"ËÌG then
ã G

AXGen if
ã * then

ã õ>�C*
ERel if

ã *� åËÍduG%�$df*v� ô � ô dfdf*e�i*� Õh}��dfG.�A*� }huhfhfh
then

ã *� åË ô df*;��G[h
ARel if

ã *� åËÍduG%�$df*v�Aõ��.õ�dfdu*v�$*� {h{��duG"�i*� {hfhfhuh
then

ã *   ËÍõ�du*;�[G[h

Figure 4. The axiom system �

Ax7. õ�du*;�HG[h�ÏÍG%�idf*v�Öõ>�%õ�du*;�HG[hfh
Ax8.

ô �v�&���Aõ>�v�&�
R1. if

ã *%ËÍG then
ã ô �C*"Ë ô �CG

R2. if
ã *   ËæG"� ô �C*   then

ã *   Ë ô du*;�[G[h
R3. if

ã *� åËæG"�tõ��Cdu*� _�Aõ�du*;��G[hfh
then

ã *� �ËÐõ�du*;��G[h
R4. if

ã * and
ã *%ËÍG then

ã G
Thesameargumentsfor comparingthetwo LTL axioma-

tisationsalsoholdfor thetwo axiomatisationsof CTL. Ax1,
Ax5 – Ax7, andR4 arealreadypresentin � . Ax2 andAx3
arecoveredby theabbreviationof ^ . Ax4 canbeprovedby
a combinationof 6 – 9, 1 andMP. 1, AXGen,7, MP and6
establishAx8. RuleR1 is simulatedusingAXGen, 9, MP,
7 andthehypothesisof having ashorterproofof *"ËÌG in
� . R2 is simulatedin thefollowing way. Supposethereis a
� -proofof *   ËÌGU� ô �C*   . Then,by 4, 1, andMP thereis
alsoaproofof *� �ËÍG/�Hdu*U� ô � ô dfdu*U�s*� Õh}�[duG'�s*� Õhuhfh
for any * . Using ERel yields a proof of *� ZË ô df*;��G[h .
SimulatingR3 is similar.

7 Conclusion

We have introduceda gametheoreticapproachto satis-
fiability checkingof LTL andCTL. It remainsto be seen
if focus gamesextend to richer logics suchas CTL � and
modal � -calculus. In [12] it wasshown that focusgames
canalsobe usedto solve the modelcheckingproblemfor
CTL � . Thegametreesarisingtherearevery similar to the
tableaustructuresusedin [2, 1]. However, in orderto tackle
theproblemof decidingwhetherfixedpoint constructsare
regeneratedor reproducedtheseauthorspursuea different
strategy. Take the unfolding of *;�HG for example. While
the focushighlightsthe casethat player I alwayschooses
thetermin which *;�sG occursagain,apathin thetableaux
of [2] is successfulif G never occursafter *;�HG . Thedif-
ferenceseemsto beapointof view only. In thefocusgames
it is checkedwhethera fixedpoint constructis regenerated,
thereforeit is never fulfilled. In the tableauapproachit is
checkedwhetherit is never fulfilled, thereforeit is regener-
ated.

In [1] theauthorsdefineTableauBüchi Automatawhich
areessentiallythesameasthetableauxof [2]. As with the
focusgames,thisenablestheauthorsto handletheregener-
ationproblemof fixedpointsimplicitly. Insteadof explic-
itly requiring tableauxto be processedwith a depth-first-
search,thesolutionto theregenerationproblemis encoded
in an acceptancecondition,which is in that casea gener-
alisedBüchi condition. However, this small differenceis
thekey to thestrengtheninglemma(Lemma1 of Section3)



whichunderpinstheproofsof completenessof theaxioma-
tisations.

A more recentautomatatheoreticapproachto satisfi-
ability and model checkingemploys alternatingautomata
[16, 11]. Althoughtheseappearto bevery gametheoretic,
they rely uponautomataover treeswhichcapturethe“and”
branching,both in the caseof the boolean“and” and in
thecasefor CTL of branchingthroughnext states.In both
casesof LTL andCTL formulasarestatesof theautomata,
andtransitionsaredeterminedby maximalconsistentsets
of atomicpropositions.The acceptanceconditionsdecide
acceptablefixedpoint regeneration.It is notclearif thisap-
proachcanunderpinsoundandcompleteaxiomatisations.
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